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Abstract
We show that representations of the group of spacetime diffeomor-
phisms and the Dirac algebra both arise in a phase-space histories
version of canonical general relativity. This is the general-relativistic
analogue of the novel time structure introduced previously in history
theory: namely, the existence in non-relativistic physics of two types
of time translation; and the existence in relativistic field theory of two
distinct Poincare´ groups.
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1 Introduction
The ‘problem of time’ in quantum gravity takes on a different form according
to the approach to quantum gravity that one adopts. However, in all cases,
this question of the status of the notion of time is a fundamental one; indeed,
it is true in all cases that we need a better understanding of conceptual issues
concerning the nature of space and time.
In light of the recent developments on the distinction that has been made
between time as a causal ordering parameter, and time as an evolution pa-
rameter in dynamics [1], the main goal of the present paper is to show how
the application of history ideas to general relativity opens up a novel way
of viewing that subject; and hence ultimately to a completely new way of
tackling the quantisation of gravity.
In what follows, we apply the ideas of classical history theory [1] to the
general theory of relativity. A preliminary step in this direction was the
application of the history methods to parametrised systems (often used as
simple models for general relativity). Thus, in [2] we studied the quantisa-
tion of constrained systems using the continuous-time histories scheme. In
particular, the existence of the two times in a history version of parametrised
systems was exploited to show the existence of an intrinsic time that does
not disappear when the constraints are enforced, either classically or quan-
tum mechanically. Hence this provides a solution to the ‘problem of time’
for systems of this type. This work is a natural precursor for dealing with
the problem of time as it appears in canonical quantum gravity.
In the context of general relativity, we start by considering a Lorentzian
geometry on a spacetime M ≃ IR × Σ as being equivalent to a history of
Riemannian metrics on the three-manifold Σ. Thus we consider paths t 7→
hij(t, x) of Riemannian metrics, which together with the paths t 7→ πkl(t, x) of
conjugate momenta, are postulated to form the fundamental classical history
algebra (the history analogue of the normal canonical Poisson brackets)
{hij(t, x) , hkl(t′, x′)} = 0 (1.1)
{πij(t, x) , πkl(t′, x′)} = 0 (1.2)
{hij(t, x) , πkl(t′, x′)} = δkl(ij) α(t′)δ(t, t′) δ3(x, x′), (1.3)
where we define δ(ij)
kl := 1
2
(δi
kδj
l + δi
lδj
k), and where α(t) is some strictly
positive scalar density of weight -1 in the variable t.
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In the standard approach to canonical general relativity, the relation be-
tween the spacetime diffeomorphisms algebra and the Dirac constraint alge-
bra has long been an important matter for discussion [3, 4]. Therefore, it
is of considerable significance that in this new construction the two algebras
appear together for the first time in a completely natural way: specifically,
as we shall show, the history theory contains a representation of both the
spacetime diffeomorphisms group and the Dirac algebra of constraints of the
canonical theory.
In particular, we augment the history space of the canonical general rel-
ativity treatment, to define appropriate covariant Poisson brackets. A key
result in this respect is the observation that for each vector field W on M ,
the ‘Liouville’ function VW that is defined as
VW :=
∫
d4X πµν(X)LWgµν(X) (1.4)
satisfies the Lie algebra of the group of spacetime diffeomorphisms
{ VW1, VW2 } = V[W1,W2 ], (1.5)
for all spacetime vector fields W1,W2, and where [W1,W2 ] denotes their
commutator.
This is a very significant result since it implies that in this history theory
there is a central role for spacetime concepts, whereas the canonical ap-
proaches to general relativity are dominated by spatial ideas. Furthermore,
it makes particularly clear how the distinction between the Dirac constraint
algebra and the spacetime diffeomorphisms group arises as a facet of the
non-trivial temporal structure of the histories description.
In section 2 we present the basic ideas of the histories temporal structure.
Of particular importance is the distinction between the aspects of the concept
of time as (i) an ordering parameter, and (ii) an evolution parameter. This
is realised mathematically with the construction of two distinct generators
of time translations. Furthermore, the definition of the action operator S—
which was proved to be the generator of both types of time translations—
nicely intertwines the two modes of time [1]. We briefly present the histories
classical non-relativistic physics and relativistic field theory. We especially
emphasise the existence of two Poincare´ groups as the analogue of the two
types of time translation in non-relativistic physics.[5]. The histories theory
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of parameterised systems is a natural precursor for the study of histories
general relativity theory. We recall how the existence of the two modes
of time for such systems has as a result an ‘intrinsic time’ that does not
disappear when enforcing the constraints [2]. This provides a solution to the
analogue for the parametrised particle of the famous ‘problem of time’ in
canonical quantum gravity.
In section 3 we first present the structure of the history version of canon-
ical general relativity theory. We explicitly write the analogue of the Dirac
algebra of constraints. We then show that—after appropriately augmenting
the history space of canonical histories—there exists a representation of the
group of spacetime diffeomorphisms. This novel result is a direct analogue of
the two Poincare´ groups in relativistic field theory: it is therefore grounded
in the distinction between the two aspects of time. Next we explicitly write
the extended canonical history algebra and we show that the original history
state space is the state space of the standard 3 + 1 decomposition.
Finally we apply the history ideas for the treatment of parameterised
systems and we show that, of all spacetime diffeomorphisms it is only the
generators of time reparameterisations—i.e. the ones related to the Liouville
function V—that are still defined on the histories reduced state space.
2 Background
2.1 Temporal Structure of HPO histories theory
In recent years, it has become better understood that the problem of quan-
tum gravity—and especially the way in which time might appear in such a
theory—suggests the need for a new form of quantum theory: in particular,
one where the notion of ‘time’ is introduced in some novel way.
One such formalism is the ‘HPO’ (‘History Projection Operator’) ap-
proach to a quantum history theory. Although the programme originated
from the consistent histories theory, as formulated initially by Griffiths,
Omne`s, and Gell-Mann and Hartle [6], it was developed so that the logical
structure of the histories theory was recovered1; in particular it introduced
1A crucial problem of the consistent histories theory is that the original definition of a
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a ‘temporal’ logic of the theory [7]. The HPO theory takes a completely
different turn in the way the concept of time was introduced in [1].
The consistent histories formalism was developed to deal with closed sys-
tems. A history α = (αˆt1 , αˆt2 , . . . , αˆtn) is defined to be a collection of pro-
jection operators αˆti , i = 1, 2, . . . , n, each of which represents a property of
the system at the single time ti. Therefore, the emphasis is placed on histo-
ries, rather than properties at a single time, which in turn gives rise to the
possibility of generalized histories with novel concepts of time.
The History Projection Operator approach, developed originally by Isham
[7], and Isham and Linden [8], is an approach to the consistent histories for-
malism that places emphasis on temporal logic. This is achieved by repre-
senting the history α as the operator αˆ := αˆt1 ⊗ αˆt2 ⊗ · · · ⊗ αˆtn which is a
genuine projection operator on the tensor product ⊗ni=1Hti of copies of the
standard Hilbert space H. Note that to use this construction in any type of
field theory requires an extension to a continuous time label, and hence to
an appropriate definition of the continuous tensor product ⊗t∈IRHt. This has
been done successfully for non-relativistic particle physics [8], and relativistic
quantum field theory [5].
A central feature of the HPO histories theory is the development of the
novel temporal structure that was introduced in [1]. Specifically, it was
shown that there exist two distinct types of time transformation, each of
which represents a distinct quality, or mode, of the concept of time.
The first such mode corresponds to time considered purely as a kine-
matical parameter of a physical system, with respect to which a history is
defined as a succession of possible events. It is strongly connected with the
temporal-logical structure of the theory and it is related to the view of time
as a parameter that determines the ordering of events. The second mode
corresponds to the dynamical evolution generated by the Hamiltonian.
Classically, these two ways of considering time are nicely intertwined
through the histories analogue of the action principle which provides the
paths that are solutions to the classical equations of motion. A main re-
sult of the theory is that physical quantities appear naturally time-averaged.
Hence these new ideas on the concept of time have as a consequence that
observables admit two different time labels: (i) a time parameter t which
corresponds to the ‘external’ time that labels events at different moments
history has as a consequence the loss of the single-time quantum logical structure
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of time, and with respect to which the time averages are taken; and (ii) a
time parameter s which corresponds to the ‘internal’ time that appears as
the evolution parameter for a fixed external time t.
In the corresponding quantum theory, the Hamiltonian2 operator H , and
the ‘Liouville’ operator V are the generators of the two types of time trans-
formation [1]. Specifically, the Hamiltonian H is the generator of the uni-
tary time evolution with respect to the ‘internal’ time label s; this has no
effect on the ‘external’ time label t. On the other hand, the Liouville op-
erator V—defined in analogy to the kinematical part of the classical action
functional—generates time translations along the t-time axis without affect-
ing the s-label.
The key feature of the ensuing temporal structure, however, is the defini-
tion of the action operator S as a quantum analogue of the classical action
functional:
S := V −
∫ +∞
−∞
dtHt = V −H. (2.1)
It transpires that the action operator S generates both types of time trans-
formation, and in this sense it is the generator of physical time translations
in the HPO formalism.
The time transformations generated by the action operator S resemble
the canonical transformations generated by the Hamilton-Jacobi action func-
tional. In this sense, there is an interesting relation between the definition of
S and the well-known work by Dirac on the Lagrangian theory for quantum
mechanics [9, 1]. In particular, motivated by the fact that—contrary to the
Hamiltonian method—the Lagrangian method can be expressed relativisti-
cally (on account of the action function being a relativistic invariant), Dirac
tried to take over the general ideas of the classical Lagrangian theory, albeit
not the equations of the Lagrangian theory per se.
Recently, these ideas have been applied in various theories, with some
intriguing results. For example, the temporal structure of HPO histories
enables us to treat parameterised systems in such a way that the problem of
time does not arise [2]. Indeed, histories keep their intrinsic temporality after
the implementation of the constraint: thus there is no uncertainty about the
temporal-ordering properties of the physical system.
2In this context, ‘Hamiltonian’ H =
∫
dtHt means the history quantity that is the
time-averaged energy of the system.
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In relativistic quantum field theory, the analogue of the two types of time
transformation is the existence of two groups of Poincare´ transformations [5].
It transpires that different representations of the theory—that correspond to
different choices of foliation—can all be defined on the same Hilbert space,
and they are related by transformations generated by the ‘external’ Poincare´
group.
As we shall see in what follows, the histories description of general relativ-
ity blends together the structure of the two systems referred above: namely,
the parameterised systems and the relativistic field.
2.2 Classical Histories
In the histories formalism for Newtonian classical mechanics, the space of
classical histories Π = {γ | γ : IR → Γ} is the set of all smooth paths on
the classical state space Γ. It can be equipped with a natural symplectic
structure, which gives rise to the Poisson bracket
{xt , xt′}Π = 0 (2.2)
{pt , pt′}Π = 0 (2.3)
{xt , pt′}Π = δ(t− t′) (2.4)
where
xt : Π → IR (2.5)
γ 7→ xt(γ) := x(γ(t)) (2.6)
and similarly for pt.
The classical analogue of the Liouville operator is defined as
V (γ) :=
∫ ∞
−∞
dt pt x˙t, (2.7)
and the Hamiltonian (i.e., time-averaged energy) function H is defined as
H(γ) :=
∫ ∞
−∞
dtHt(xt, pt) (2.8)
where Ht is the Hamiltonian that is associated with the copy Γt of the normal
classical state space with the same time label t.
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The temporal structure leads to the histories analogue of the classical
equations of motion
{F, V }Π (γcl) = {F,H}Π (γcl) (2.9)
where F is any function on Π, and where the path γcl is a solution of the
equations of motion.
A crucial result therefore is that, the history equivalent of the classical
equations of motion is given by the following condition that holds for all
functions F on Π when γcl is a classical solution:
{F, S}Π (γcl) = 0, (2.10)
where
S(γ) :=
∫ ∞
−∞
dt (ptx˙t −Ht(xt, pt)) = V (γ)−H(γ) (2.11)
is the classical analogue of the action operator. This is the history analogue
of the least action principle [1].
2.3 Classical Parameterised Systems
A natural precursor to general relativity is the theory of parameterised sys-
tems. Such systems have a vanishing Hamiltonian H = h(x, p), when the
constraints are imposed. Classically this implies that two points of the con-
straint surface C correspond to the same physical state; hence the true de-
grees of freedom are represented by points in the reduced state space Γred
Γred := C/ ∼ (2.12)
An element of the reduced state space is itself a solution to the classical
equations of motion; on the other hand, a point in state space also corre-
sponds to a possible configuration of the physical system at an instant of
time. Hence the notion of time is unclear: in particular, it is not obvious
how to recover the notion of temporal ordering unless we choose to arbitrarily
impose a gauge-fixing condition.
In the histories approach to parameterised systems, the history constraint
surface Ch is defined as Ch = {γc : IR → C}—the set of all smooth paths
from the real line to the constraint surface C. The history Hamiltonian
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constraint is defined by Hκ =
∫
dt κ(t)ht, where ht := h(xt, pt) is first-class
constraint. For all values of the smearing function κ(t) the history Hamilto-
nian constraint Hκ generates canonical transformations on the history con-
straint surface Ch. The history reduced state space Πred is then defined as
Πred = {γ : IR→ Γred}—the set of all smooth paths on the canonical reduced
state space Γred: it is identical to the space of orbits of Hκ on Ch.
The novel result here is that, contrary to what is the case for existing
treatments of parameterised systems, the classical equations of motion can
be explicitly realised on the reduced state space Πred. They are given by
{S˜, F} (γcl) = {V˜ , F} (γcl) = 0 (2.13)
where S˜ and V˜ are respectively the action and Liouville functions projected
on Πred.
Both S˜ and V˜ commute weakly with the Hamiltonian constraint [2]. Fur-
thermore, the smeared form of the Liouville function Vλ =
∫
dt λ(t) pt x˙t gen-
erates time reparameterisations on Πred, and it leaves invariant the classical
equations of motion.
2.4 Classical Field Theory
We write the history version of classical field theory for Minkowski spacetime,
foliated with respect to a time-like vector nµ, that is normalised by ηµνn
µnν =
1. We shall take the signature of the Minkowski metric ηµν to be (+,−,−,−).
In the histories formalism of a scalar field, the space of state-space his-
tories Π is an appropriate subset of the continuous Cartesian product ×tΓt
of copies of the standard state space Γ, each labeled by the time parameter
t. The choice of Γ depends on the choice of a foliation vector nµ, hence the
space of histories also has an implicit dependence on nµ and should therefore
be written as nΠ.
Furthermore, for each space-like surface Σt = (n, t)—defined with respect
to its normal vector n, and labeled by the parameter t—we consider the state
space Γt = T
∗C∞(Σt) that is defined in such a way as to give the basic Poisson
algebra relations of the history theory:
{φ(X) , φ(X ′) } = 0 (2.14)
{ π(X) , π(X ′) } = 0 (2.15)
{φ(X) , π(X ′) } = δ4(X −X ′) (2.16)
9
where X and X ′ are spacetime points. Note that a spacetime point X can
be associated with the pair (t, x) ∈ IR × IR3 as X = tn + xn, where the
three-vector x has been associated with a corresponding four-vector xn that
is n-spatial (i.e., n · xn = 0); note that t = n ·X .
We then define the action, Liouville and Hamiltonian functionals for the
scalar field as
nS := nV − nH (2.17)
nV :=
∫
d4X π(X)nµ∂µ φ(X) (2.18)
nH :=
1
2
∫
d4X
(
π2(X) + φ(X) nΓφ(X)
)
, (2.19)
respectively. Here nΓ := (nµnν − ηµν)∂µ∂ν + m˜2, where m˜ is the mass of the
free field.
It can be shown that the variation of the action functional nS[ γ ] leaves
invariant the paths γcl that are the classical solutions of the system:
{φ(X), nS}(γcl) = 0 (2.20)
{π(X), nS}(γcl) = 0. (2.21)
2.4.1 Poincare´ symmetry
For each copy Γt of the standard state space, there exists a Poincare´ group,
as one would expect in a canonical treatment of relativistic field theory. On
the other hand, in histories theory the state space Π is, heuristically, the
Cartesian product of such copies. Hence, for each copy of the standard state
space, labeled by a fixed value of t, there exists an ‘internal’ Poincare´ group
acting on the copy of standard canonical field theory, that is labeled with
the same time label t. However, the physical quantities in histories theory
appear naturally time-averaged [1], and hence a central role is played by a
time-averaged form of these internal groups.
Of special interest is the action of the corresponding Hamiltonian nH :=∫∞
−∞ dt
nHt, and the boost generator
nK, on the field φ(X) = φ(t, x). In par-
ticular, we can define a classical, history analogue of the Heisenberg picture
fields φ(X, s) = φ(t, x, s) [5] as
φ(X)
nH
−→ φ(X, s) (2.22)
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or
φ(t, x)
nH
−→ φ(t, x, s) := cos(
nΓ
1
2s)φ(X) +
1
nΓ
1
2
sin(nΓ
1
2 s) π(X). (2.23)
The action of boost transformations is best shown upon objects φ(X, s)
as
φ(t, x, s)
nK
−→ φ(t, x
′, s′), (2.24)
where (x′, s′) and (x, s) are related by a Lorentz boost.
In addition to these ‘internal’ Poincare´ groups (and the time-averaged
version) there exists an ‘external’ Poincare´ group with the same space trans-
lations and rotations generators as those of the internal Poincare´ group, but
with different time translator and boosts. In particular, the time-translation
generator for the ‘external’ Poincare´ group is the Liouville functional nV [5]:
φ(t, x)
nV
−→ φ(t+ τ, x). (2.25)
The boost generator nK˜(m) generates Lorentz transformations
φ(X)→ φ(ΛX) (2.26)
π(X)→ π(ΛX) (2.27)
where Λ is the element of the Lorentz group parameterised by the boost
parameter mi.
Furthermore under the action of the external Poincare´ group, the action
functional nS transforms as
nS → ΛnS. (2.28)
It can be shown from Eqs. (2.20–2.21) that the two types of boost trans-
formation coincide for the classical solutions γcl [5]
{φ(X), K(m)}(γcl) = {φ(X), K˜(m)}(γcl) (2.29)
{π(X), K(m)}(γcl) = {π(X), K˜(m)}(γcl). (2.30)
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3 Histories version of General Relativity
In order to apply the histories theory to general relativity two methods may
be followed. From the spacetime perspective advocated by Hartle [6], a
history is a Lorentzian metric. On the other hand, from the canonical per-
spective, a history is a path in the space of Riemannian metrics on a fixed
three-manifold Σ. We shall start by following the latter approach here.
Another interesting way of formulating general relativity histories is a
covariant-like treatment—similar to the one developed by Wald [10]—that
provides a clarifying spacetime description of the theory. This will be rele-
vant in future work, where we study the change of foliation in a covariant
description of histories theory.
3.1 Canonical treatment: basic structure
The history space Π for general relativity is a suitable subset of the Cartesian
product ×tΓt of copies of the classical general relativity state space Γ = Γ(Σ),
labeled by a parameter t, with t ∈ IR. Here Σ is a fixed three-manifold.
In particular, Γ(Σ) = T ∗Riem(Σ), where Riem(Σ) is the space of Rie-
mannian metrics on Σ; i.e., an element of Γ(Σ) is a pair (hij, π
kl). A history
is defined to be any smooth map t 7→ (hij(t, x), πkl(t, x)).
The history version of the canonical Poisson brackets is postulated—in
accord to the histories ideas[1, 2, 5], where the entries of the history algebra
are defined as histories, i.e., paths of an appropriate history space—to be
{hij(t, x) , hkl(t′, x′)} = 0 (3.1)
{πij(t, x) , πkl(t′, x′)} = 0 (3.2)
{hij(t, x) , πkl(t′, x′)} = δ(ij)kl α(t′)δ(t, t′) δ3(x, x′) (3.3)
where we have defined δ(ij)
kl := 1
2
(δi
kδj
l + δi
lδj
k) and where α(t) is some
strictly positive scalar density of weight -1 in the variable t.
The appearance of α(t) on the right-hand side of the canonical Poisson
brackets can be justified in the following way. The quantity πkl(t, x) is a
density in the spatial variable x[4], but a scalar in the parameter t. This
means that although it makes sense to put a δ3(x, x′) on the right hand side
of the Poisson bracket Eq. (3.3)—where the insertion of the comma in the
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notation δ3(x, x′) indicates that it is a scalar in x but a density3of weight 1
in x′—it would not be correct to add the term δ(t, t′) which is a density in
t′. Thus, if uij(t, x) is a test density in both variables t and x, and if vkl(t, x)
is a density in t but a function in x, then the smeared version of Eq. (3.3) is
{h(u), π(v)} =
∫
dt α(t)
∫
d3xuij(t, x)vij(t, x). (3.4)
We shall discuss next the physical meaning of the quantity α(t). We note
however that it can be regarded as a time-dependent analogue of the dimen-
sioned parameter τ which should appear on the right hand side of the history
version of Poisson brackets, as we have showed in [1].
Some comments on α(t). We have been long discussing in work so far
[1, 2, 5], the essential difference between the internal and external modes of
time, and in particular the way they appear in the histories theory scheme.
Ever since their original construction[1], the interpretation of the ‘two types
of time’ has served as the key tool to further the particular histories theory
(‘History Projection Operator’) formalism, originally presented by Isham[7]
and Isham et al [8].
In the past, we have attempted to present parts of the conceptual issues
involved; yet this will be the subject of a future work, that it will mainly
involve presenting in a detailed way these novel ideas about the concept of
time. However, we cannot avoid here some comments on these issues, as it
is the first time that the mathematical structure of the theory enables an
immediate comparison between the ‘internal’ and the ‘external’ pictures of
the theory.
First, we can think of the function α(t) as follows. In the case of a single
particle we can write the canonical symplectic form ωt = dpt ∧ dqt on the
phase space Γt, for each moment of time t. Then the history symplectic form
for this system is defined by integrating
Ω =
∫
dµ(t)dpt ∧ dqt , (3.5)
3In standard canonical general relativity, in the Poisson bracket {hij(x), pikl(x′)} =
δkl(ij)δ
3(x, x′), the quantity pikl(x′) is a tensor density on Σ of the appropriate weight,
whereas hij(x) is just a tensor field.
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where µ(·) is an arbitrary measure on the real line IR. For the case of
continuous-time paths, and when time is defined along the whole real axis IR,
we can write dµ(t) = dt/α(t), where α(t) is a density, that is defined to have
dimensions of time, so that the history observables have the same dimension
as the canonical ones. Hence α(t) is naturally associated with the notion of
‘time-averaging’. In particular, the freedom to choose an arbitrary function
α(t) reflects the freedom of the histories construction, to arbitrarily select the
‘weight’ by which each moment of time will contribute to the time-averaging
of physical quantities.
The above comment is, however, conceptually distinct from the notion
of different time-parameters arising from different foliations: the freedom in
the choice of α(t) is present even in simple non-relativistic systems.
In all systems we have studied so far [1, 2, 5], the choice of α(t) was
practically of no consequence, and we chose to set it equal to a constant.
However, in the context of general relativity, α(t) has an additional signifi-
cance: if the history observables are to treat time and space coordinates in
the same footing—the choice we followed through all our work so far and
in accord to the ‘two modes of time’ interpretation—the introduction of a
density α(t) is unavoidable.
We believe that this is related to the interplay between canonical formal-
ism and covariant formalism, as they have appeared naturally intertwined
in the histories formalism once the introduction of two types of time trans-
formation was made. Indeed, the definition of the action operator S in [1]
already establishes an interplay between Lagrangian formalism and Hamil-
tonian formalism, as S is defined in analogy to the classical Hamilton-Jacobi
action functional. In future work we shall argue that, the canonical and co-
variant descriptions implicitly involve a correspondence to the ‘external’ and
‘internal’ time distinction, as it has been presented so far in the histories
theory. Hence, the Lagrangian and the Hamiltonian formalism refer to dif-
ferent treatment of the two modes of time, even though the two formalisms
coincide at the level of the equations of motion.
In general relativity there exists already an implied distinction at the level
of symmetries, as the spacetime diffeomorphism group is different from the
group of the canonical constraints.
14
3.2 The Dirac Algebra of Constraints
The construction above leads naturally to a one-parameter family of Dirac
super-hamiltonians t 7→ H⊥(t, x) and super-momenta t 7→ Hi(t, x). In
the standard canonical approach to general relativity[11, 3, 4], the super-
hamiltonian and super-momenta are
H⊥ = κ2h−1/2(πijπij − 1
2
(πi
i)2)− κ−2h1/2R (3.6)
Hi = −2∇jπij , (3.7)
where κ2 = 8πG/c2 and ∇ denotes the spatial covariant derivative. We note
that both these quantities are spatial scalar densities, hence they can be
smeared with scalar quantities.
The history analogue of these expressions is
H⊥(t, x) := κ2h−1/2(t, x)(πij(t, x)πij(t, x)− 1
2
(πi
i)2(t, x))− (3.8)
κ−2h1/2(t, x)R(t, x) (3.9)
Hi(t, x) := −2∇jπij(t, x). (3.10)
For each choice of the weight function α, these quantities on IR×Σ satisfy
the history version of the Dirac algebra
{Hi(t, x) ,Hj(t′, x′)} = −Hj(t, x) δ(t, t′)α(t′) ∂x′i δ3(x, x′)
+Hi(t, x) δ(t, t′)α(t′) ∂xj δ3(x, x′) (3.11)
{Hi(t, x) ,H⊥(t′, x′)} = H⊥(t, x) δ(t, t′)α(t′) ∂x′i δ3(x, x′) (3.12)
{H⊥(t, x) ,H⊥(x′, t′)} = hij(t, x)Hi(t, x) δ(t, t′)α(t′) ∂x′j δ3(x, x′)
−hij(t′, x′)Hi(t′, x′) δ(t, t′)α(t′) ∂xj δ3(x, x′). (3.13)
The smeared form of the super-hamiltonianH⊥(t, x) and the super-momentum
Hi(t, x) history quantities are defined using as their smearing functions a
scalar function L, and a spatial vector field Li in the following way
H(L) :=
∫
d3x
∫
dt α(t)−1L(t, x)H⊥(t, x) (3.14)
H(~L) :=
∫
d3x
∫
dt α(t)−1Li(t, x)Hi(t, x). (3.15)
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Hence we can write the smeared form of the ‘Hamiltonian’ as
H(L, ~L) =
∫
d3x
∫
dt α(t)−1
(
L(t, x)H⊥(t, x) + Li(t, x)Hi(t, x)
)
(3.16)
= H(L) +H(~L).
The smeared form of this history version of the Dirac algebra is
{H[~L] ,H[~L′]} = H[~L , ~L′] (3.17)
{H[~L] ,H[L]} = H[L~LL] (3.18)
{H[L] ,H[L′]} = H[ ~K], (3.19)
where in Eq. (3.19) we have Ki := hij(L∂jL
′ − L′∂jL), with i = 1, 2, 3.
3.3 The representation of the group Diff(M)
We note that this smeared form Eqs. (3.17–3.19) of the Dirac algebra is the
analogue of the internal Poincare´ group of the histories quantum field theory,
in the sense that it does not affect the external time label t. We shall now
see that there is also an analogue of the external Poincare´ group—namely
the group of spacetime diffeomorphisms.
Since we have considered a one-parameter family of Riemannian metrics
hij on the three-surface Σ, we can now identify IR × Σ as the spacetime
M . The critical observation here is that we can write a representation of
the spacetime diffeomorphisms group Diff(M) on a suitable extension of the
canonical history space Π, which will also carry the representation of the
history version of the Dirac algebra discussed above.
In order to demonstrate this statement we start by postulating the ‘co-
variant’ Poisson brackets, on the extended history space Πext
{gµν(X) , gαβ(X ′)} = 0 (3.20)
{πµν(X) , παβ(X ′)} = 0 (3.21)
{gµν(X) , παβ(X ′)} = δαβ(µν) δ4(X,X ′), (3.22)
where X is a point in the spacetime M , and where gµν(X) is a four-metric
that belongs to the space of Lorentzian metrics LRiem(M), and πµν(X) is
the conjugate variable. We have defined δ(µν)
αβ := 1
2
(δµ
αδν
β + δµ
βδν
α).
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In previous applications of the histories formalism we have defined the
‘Liouville’ function V as the generator of time translations with respect to
the ‘external’ time t that appears as a kinematical ordering parameter that
distinguishes between past, present and future [1, 2, 5]. In the present case,
in analogy with previous history constructions, we can define the ‘Liouville’
function VW associated with any vector field W on M as
VW :=
∫
d4X πµν(X)LWgµν(X) (3.23)
where LW denotes the Lie derivative with respect to W . This is the direct
analogue of the expression that is used in the normal canonical theory for
the representations of spatial diffeomorphisms.
The fundamental result is that these generalised Liouville functions VW ,
defined for any vector field W as in Eq. (3.23), satisfy the Lie algebra of the
spacetime diffeomorphisms group Diff(M)
{ VW1 , VW2 } = V[W1,W2], (3.24)
where [W1,W2] is the Lie bracket between vector fields W1 and W2 on the
manifold M .
Now, the aim is to show how the use of the covariant brackets Eqs. (3.26–
3.28) leads to an augmented history space Πext, in which we can recover the
history Dirac algebra constructed in the previous section.
The first step in recovering the history algebra Eqs. (3.1–3.3) is to choose
a foliation F : IR × Σ −→ M . Then we define the spatial parts of the
pull-back of gµν(X) to IR× Σ by F as
hij(t, x) := Fµ,i (t, x)Fν,j(t, x) gµν(F(t, x)) (3.25)
where Fµ,i (t, x) := ∂i(Fµ(t, x)).
For a fixed g, we can choose the foliation to be spacelike4 in the sense
that t 7→ hij(t, x) is a path in the space of Riemannian metrics on Σ.
Next, we need to pull-back the conjugate variable παβ(X) to IR × Σ
also. For this purpose, we lower the indices and define the field παβ(X) =
4For an appropriate topology on LRiem(M), this spacelike character will be maintained
for some open neighborhood of the Lorentzian metric g. However, this foliation will fail
to be spacelike for certain other Lorentzian metrics on M . This feature is not important
at the level of the classical theory we are discussing here; however it can be expected to
be a non-trivial issue in the quantum theory.
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gγα(X) gζβ(X) π
γζ(X). Hence, using the Poisson brackets Eqs. (3.26–3.28),
we get the relations
{gµν(X) , gαβ(X ′)} = 0 (3.26)
{πµν(X) , παβ(X ′)} = 0 (3.27)
{gµν(X) , παβ(X ′)} = g(µα gν)β(X) δ4(X, X ′) (3.28)
where g(µαgν)β(X) :=
1
2
(gµα(X) gνβ(X)+ gνα(X) gµβ(X)). We must now pull
back these equations Eq. (3.26–3.28) to IR×Σ using the foliation F : IR×Σ→
M .
Here, it is important to notice that, since δ4(X,X ′) is a density in the
variable X ′, we have—in coordinates (t, x) adapted to the split IR× Σ—the
relation
δ4(F(t, x),F(t′, x′)) = K(t′, x′)δ(t, t′)δ3(x, x′) , (3.29)
where K(t′, x′) is an appropriate power of the Jacobian of the diffeomorphism
F : IR × Σ → M . However, since παβ(X ′) is a tensor density on M of the
same weight as the second variable in δ4(X,X ′), we consider the quantity
πij(t, x) defined by
πij(t, x) := K(t, x)Fµ,i (t, x)Fν,j(t, x) πµν(F(t, x)). (3.30)
These new quantities hij(t, x), and πij(t, x) satisfy the Poisson brackets
{hij(t, x) , hkl(t′, x′)} = 0 (3.31)
{πij(t, x) , πkl(t′, x′)} = 0 (3.32)
{hij(t, x) , πkl(t′, x′)} = h(ik(t, x) hj)l(t, x) δ(t, t′) δ3(x , x′) (3.33)
where we have defined h(ik hj)l :=
1
2
(hik hjl + hjkhil).
Finally, we define
πkl(t, x) := α(t) hka(t, x) hlb(t, x) πab(t, x), (3.34)
where hka(t, x) is the inverse of the Riemannian metric hka(t, x) on Σ, for each
t. Hence we have regained the canonical Poisson brackets Eqs. (3.1–3.3) for
the histories canonical treatment in section 3.1.
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3.4 The extended state space Πext
In the previous section, although we referred to an augmented version Πext
of the history space Π, in which both a representation of the group of space-
time diffeomorphisms and of the Dirac algebra of constraints exist, there was
no need, for the purposes of that section, for a detailed presentation of the
extended state space. However, now we shall present the augmented canon-
ical history algebra, to show that the physical predictions of the previous
sections hold, and to further examine possible interesting implications of the
new construction for the histories version of general relativity.
When we go from the covariant Poisson brackets, that involve the space-
time metric gµν(X), to the Poisson brackets that involve the paths of Rie-
mannian metric hij(t, x) , we ignore the quantities that in the standard 3+1
decomposition correspond to the lapse function and the shift vector. When
we do take them into account it amounts into a space of paths on an extended
state space Πext.
To this end, we first recall that the choice of a foliation F enables us to
decompose the spacetime metric gµν in a coordinate system adapted to the
foliation F , as for instance
g00(t, x) = gµν(F(t, x)) F˙µ(t, x) F˙ν(t, x) (3.35)
g0i(t, x) = gµν(F(t, x)) F˙µ(t, x) Fν,i(t, x), (3.36)
where we write F˙(t, x) = ∂tF(t, x).
If the unit, timelike vector field nµ is normal to the foliation, we can write
F˙µ(t, x) = N˜(t, x)nµ(F(t, x)) + Fµ,i (t, x) N˜ i(t, x). (3.37)
The above equation defines the lapse function N˜ and the shift vector N˜ i,
associated with the foliation F and the metric gµν(X). It is a standard
result that the inverse metric gµν can be written in the coordinate system
adapted to the foliation as
g00(t, x) = N˜2(t, x) (3.38)
g0i(t, x) = N˜ i(t, x) (3.39)
gij(t, x) = hij(t, x) , (3.40)
where hij is the inverse of hij , as in Eq. (3.25).
19
Next we write the Poisson brackets in terms of the inverse metric gµν and
the field πρσ as
{gµν(X), πρσ(X ′)} = −δµν(ρσ)δ4(X,X ′) . (3.41)
From this expression it is easy to check that the quantities p(t, x) and pi(t, x)
defined as
p(t, x) := −2N˜(t, x)K(t, x) πµν(F(t, x)) F˙µ(t, x) F˙ν(t, x) (3.42)
pi(t, x) := −K(t, x) πµν(F(t, x)) F˙µ(t, x)Fν,i(t, x) (3.43)
are conjugate momenta to the history objects N(t, x) := α(t)N˜(t, x) and
N i(t, x) := α(t)N˜ i(t, x) 5 respectively, in the sense that they satisfy the
Poisson brackets equations
{N(t, x), p(t′, x′)} = α(t)δ(t, t′)δ3(x′, x′) (3.44)
{N(t, x), N(t′, x′)} = 0 (3.45)
{p(t, x), p(t′, x′)} = 0 (3.46)
{N i(t, x), pj(t′, x′)} = δijα(t)δ(t, t′)δ3(x′, x′) (3.47)
{N i(t, x), N j(t′, x′)} = 0 (3.48)
{pi(t, x), pj(t′, x′)} = 0 , (3.49)
and that all quantities N,N i, p and pi have vanishing Poisson brackets with
pij and h
ij.
Hence, given a foliation F , one can write the covariant Poisson brackets
in terms of objects that represent paths into an extended phase space having
as basic Poisson brackets Eqs. (3.31–3.33) and Eqs. ( 3.44–3.49).
It is important to emphasise here that, because the generators H⊥(t, x)
and Hi(t, x) of the history Dirac algebra Eqs. (3.11–3.13), trivially commute
with the additional variables of the extended history algebra, we recover
exactly the history version of the Dirac algebra, as it was originally defined
in section 3.1. Therefore, on the extended history space Πext we have a
representation of the Dirac algebra together with a representation of the
spacetime diffeomorphisms group Diff(M).
5The objects N˜(t, x) and N˜ i(t, x) are densities with respect to reparameterisations of
the t label, hence the association t 7→ N˜(t, x) does not correspond to a path in the space
of scalar fields on Σ. This is the reason we prefer to use as history canonical variables the
objects N(t, x) and N i(t, x), that do correspond to a path on the space of scalar fields or
vector fields on Σ respectively.
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3.5 The history space Π is the 3+1-decomposition state
space
In the standard Hamiltonian analysis of the Einstein-Hilbert action, one goes
from the extended phase space (involving the lapse function N , shift vector
N i, and their conjugate momenta p and pi), to the state space (containing
only three-metrics hij and their conjugate momenta π
kl), by imposing as
first-class constraints the vanishing of p(t, x) and pi(t, x).
In histories theory, and in analogy to the parameterised systems algorithm
we established in [2], we implement the history analogues of the canonical
constraints in the extended history phase space Πext, i.e., we impose the
conditions
p(t, x) = 0 (3.50)
pi(t, x) = 0. (3.51)
Together with the vanishing of the super-hamiltonianH⊥(t, x) and the super-
momentum Hi(t, x), the above equations form a set of first-class constraints.
We impose the constraints Eqs. (3.50–3.51) to vanish on the constraint
surface Ch, which is essentially the space of all paths t 7→ C, from the real
line IR to the constraint surface C of standard canonical theory[2].
We then consider the space of orbits Ch/ ∼ with respect to the action of
the symplectic transformations generated by the constraints 6.
The constraint functions p and pi commute with hij and π
ij , hence the
symplectic transformations generated by these constraints leaves hij and π
ij
invariant. Hence, we recover the history space Π—originally defined in sec-
tion 3.1—as being the space of orbits 7 corresponding to these constraints.
Furthermore, it is interesting to see how the generators VW of the diffeo-
morphisms group can be projected into Π. To this end, we first write the
above set of constraints with the equivalent covariant expression
Φ(k) =
∫
d4Xπµν(X)t
µ(X)kν(X) , (3.52)
6We reserve the name of “reduced phase space” for the space obtained by the imple-
mentation of all constraints.
7In most discussions of the Hamiltonian description of general relativity, the constraint
equations p = 0 and pi = 0 are imposed early in the discussion hence the ‘reduced state
space’—which is defined as the space of orbits of the constraints’ action on the constraint
surface—consists of the three-metrics hij and their conjugate momenta pi
ij . and it is
referred to as the state space of general relativity.
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where tµ(X) := F˙µ(F−1(X)) is the vector field corresponding to the param-
eter t of the foliation, and kµ(X) is an arbitrary vector field that serves as a
smearing function. We then impose the constraint Φ(k) = 0 on the constraint
surface.
Then, the commutator of the generators VW with the constraint Φ(k) is
{VW ,Φ(k)}=
∫
d4X(LWπ)µνkµtν=
∫
d4X [LW (πµνkµtν)−πµνLW (kµtν)](3.53)
= −
∫
d4X [
1√−g (LW
√−g)πµνkµtν − 1√−g∂ρ(
√−gW ρ)πµνkµtν
− πµν(LWk)µtν + kµ(LW t)ν)] . (3.54)
Note here that πµν is a tensor density. The first term of the expression Eq.
(3.54) is equal to Φ( 1√−g (L
√−g)k), the second to Φ( 1√−g∂ρ(
√−gW ρ)k) and
the third to Φ(LWk), and all three terms vanish on the constraint surface.
However, the fourth term vanishes if and only if
LW tµ(X) := [W, t]µ(X) = f(X)tµ(X) , (3.55)
for some scalar function f . The above expression implies that the vector field
W preserves the foliation in the sense that its Lie bracket with the transverse
field tµ yields a field in the same direction. Written in a coordinate system
adapted to the foliation this condition implies that the component W 0(t, x)
is a function of t only.
Therefore we conclude that, the histories space Π carries a representation
of the sub group of foliation-preserving diffeomorphisms GF , of the diffeo-
morphisms group Diff(M). The generators of this sub-group can be written
as
VW =
∫
d3x
∫
dt πij(t, x)[W 0(t)h˙ij + L−→Whij](t, x), (3.56)
where
−→
W denotes vector fields that are horizontal to the foliation.
Histories equations of motion. For the vector field (W 0(t)=1 ,
−→
W =0),
we write the Liouville function V as
V :=
∫
d3x
∫
dt πij(t, x)
∂
∂t
hij(t, x). (3.57)
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Following the histories methods of [1] we further define the histories action
functional S as
S =
∫
d3x
∫
dt
{
πij(t, x) h˙ij(t, x)−H(αL)−H(α~L)
}
(3.58)
= V −H(αL , α~L) , (3.59)
where L and ~L are appropriate smearing functions. We notice here that the
quantities L and ~L are not the original lapse function and shift vector, since
all trace of them was lost when passing from the extended state space Πext
to Π.
It is easy to show that the usual dynamical equations for the canonical
fields hij and π
ij are equivalent to the history Poisson bracket equations
{S , hij(t, x)} (γcl) = 0 (3.60)
{S , πij(t, x)} (γcl) = 0 (3.61)
where S is defined in Eq. (3.59). The path γcl is a solution of the classical
equations of motion, and therefore corresponds to a spacetime metric that is
a solution of the Einstein equations.
3.5.1 State space reduction.
Next we should employ the algorithm we used in [2] to treat parameterised
systems. Again the ‘history constraint’ surface Ch is the space of paths
from IR to the canonical constraint surface C, which is defined from the
requirement that the constraints should vanish for all times t.
We then study the action of the constraints by symplectic transformations
on Ch. The reduced space of histories Πred is the space of the orbits that are
obtained by the action of the constraints (i.e., equivalence classes of points
of Ch that are related by a constraint transformation):
Πred = Ch/ ∼ (3.62)
In fact Πred is isomorphic to the space of continuous paths on Γred.
In order for a function on Π to be a physical observable (i.e., it can
be projected into a function on Πred), if and only if it commutes with the
constraints on the constraint surface. We shall now discuss the extent to
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which the generators VW of the restricted spacetime diffeomorphisms group
GF , that is represented in Π satisfy this condition. Indeed,
{VW ,H(αL)} = H(αLWL) (3.63)
{VW ,H(α−→L )} = V
[W,
−→
L ]
= H(α[W,−→L ]) . (3.64)
The generators of the restricted spacetime diffeomorphisms VW clearly com-
mute with the super-hamiltonian H on the constraint surface Ch.
However, VW only commutes withH( ~N) on Ch if [W, ~N ] is a spatial vector
field, i.e., if the diffeomorphisms generated by W preserve the spatial nature
of ~N . This is equivalent to the condition that the diffeomorphisms generated
by W preserve the foliation.
Hence, amongst all spacetime diffeomorphisms, it is only the Liouville
function V—the time translations generator—that can be non-trivially pro-
jected on the reduced phase space (horizontal diffeomorphisms vanish on
Πred)
Vλ =
∫
dt λ(t)
∫
d3x πij
∂
∂t
hij. (3.65)
for any function λ.
We note that the function Vλ generates time reparametrisations of the
parameter t on Πred [2]. Hence, of all spacetime diffeomorphisms, it is only
the generators of time reparametrisations that is defined on the reduced phase
space Πred.
4 Conclusions
We have showed how the recent development in introducing the distinction
between time as a causal ordering parameter, and as an evolution parame-
ter in dynamics [1], leads to the construction of a history version of general
relativity in which there emerges a new relation between the group struc-
tures associated with the normal Lagrangian and Hamiltonian approaches.
In particular, we have showed that in this histories version of canonical gen-
eral relativity there exists a representation of the spacetime diffeomorphisms
group Diff(M), together with a history analogue of the Dirac algebra of con-
straints.
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However, various important issues arise. The immediate one to be ad-
dressed is that the history algebra Eqs. (3.1–3.3) depends on the choice of
a Lorentzian foliation. This leads to two distinct questions. First, what is
the degree to which physical results depend upon this choice? The solutions
to the equations of motion for each choice allow us to construct different 4-
metrics. If different descriptions are to be equivalent, two distinct 4-metrics
should be related by a spacetime diffeomorphism. We should therefore es-
tablish that the action of the spacetime diffeomorphisms group intertwines
between constructions corresponding to different choices of the foliation. This
involves considering state space histories corresponding to arbitrary choices
of foliation.
Second, and perhaps more important, is to question the notion of a space-
like foliation itself. Since the spacetime causal structure is a dynamical ob-
ject, the notion of a foliation being spacelike has meaning only after the
solution to the classical equations of motion has been selected. However, in
the histories description we do not just use a single solution of the classical
equations of motion (indeed, many of the possible histories are not solutions
at all), and in these circumstances the notion of a ‘spacelike’ foliation loses
its meaning.
The issues mentioned above are fundamental in the treatment of gen-
eral relativity. Once they have been resolved, further applications will be
technically straightforward: for instance, the appearance of Noether’s the-
orem in the histories formalism. Of particular significance is the fact that
the histories description contains a mixture of Lagrangian and Hamiltonian
structures. An interesting application would be to apply the history ideas to
the description of gravity in terms of the Ashtekar variables.
The work presented here is only the beginning of a programme for con-
structing a history theory of general relativity. What is necessary next, is
to develop the formalism to find a description that focuses on a manifestly
covariant treatment of the theory.
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